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1 Introduction

Economic growth theory and theoretical ecology represent independent traditions of mod-

eling aggregate consumer-resource systems. Both focus on di↵erent but equally important

forces underlying the dynamics of human societies. Though the two traditions have un-

knowingly converged in some ways, they each have curious conventions from the perspective

of the other. Specifically, much of economic growth theory assumes exponential growth of

the human population. Much of ecology is either directly or indirectly related to the study

of why this assumption is usually bad for any species, including humans. Analogously,

theoretical ecology often focuses on systems in which consumer species only consume but

do not produce their resources, while economics has a rich and varied theory of production

that is surely relevant to the study of human societies from at least the origin of agriculture

until the present.

The present paper shows the derivation and analysis of two modeling frameworks I

presented in another paper entitled, ”Prey-Producing Predators: The Ecology of Human

Intensification.” First, I cover the technical material associated with a modified neoclassical

growth model. This model is a simple Solow growth model (Solow, 1956) with resource-

dependent population growth in the labor supply (i.e. humans). Second, I derive and

analyze a modified predator-prey model. This model is a generalization of the predator-

prey model by DeAngelis et al. (1975). The generalization consists of allowing the predators

to both produce and consume their prey.

2



2 A modified neoclassical growth model with implicit re-

source dependence

In the following model, the presentation begins with a dimensional system. The state

variables in this case are subscripted with ”D” for ”dimensional.” In addition, with some

conventional exceptions like the depreciation rate of capital (�), dimensional parameters are

Roman letters. Once an equivalent non-dimensional model is derived, the ”D” is dropped

from the state variables, and non-dimensional parameter combinations are Greek letters.

This convention will also hold for the modified predator-prey model presented later.

2.1 Deriving the neoclassical model in k and L

Define kD = KD/LD. Given the neoclassical growth model in KD and LD, the dynamics

of kD are k̇D = K̇D/LD�kD(L̇D/LD). Because kD is not defined when LD = 0, I will work

with dynamics in (k, L) space and limit attention to R
+

⇥R
++

. Altogether the system in

kD and LD is

k̇D = sAk↵
D � (n + �)kD +

nkDLD

C
0

+ mAk↵
DLD

(1)

L̇D = nLD

✓
1� LD

C
0

+ mAk↵
DLD

◆
.

To derive a non-dimensional equivalent, define the variables as kD = k̄k, LD = L̄L, and

tD = ⌧ t. The quantities k̄, L̄, and ⌧ are scaling constants with the same units as their

associated variables, and k, L, and t are pure numbers without units. Basic algebra shows
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that model (1) is equivalent to the following non-dimensional system,

k̇ = ⌧ k̇D/k̄ (2)

L̇ = ⌧ L̇D/L̄.

Further define the following set of scaling constants and dimensionless parameter combi-

nations:

k̄ = (sA⌧)1/(1�↵), L̄ = C
0

, ⌧ = 1/�, � = 1/(mAk̄↵), � = n⌧.

With these definitions in hand, system (2) is

k̇ = k↵ � (� + 1)k +
��kL

� + k↵L
(3)

L̇ = �L

✓
1� �L

� + k↵L

◆
.

This is the model of primary interest in the main paper.

2.2 Nullclines

Setting k̇ = 0, the resulting nullclines are specified by k = 0 and

L =
� � �(� + 1)k1�↵

(� + 1)k � k↵ � ��k1�↵
. (4)

To get some analytical results for the second of these two nullclines, I consider the numer-

ator, N(k) = � � �(� + 1)k1�↵, and the denominator, D(k) = (� + 1)k � k↵ � ��k1�↵,

separately. When k = 0, N(0) = �, and limk!1N(k) = �1. Moreover, 8k > 0, N 0(k) =

�(1�↵)�(� + 1)k�↵ < 0 and N 00(k) = ↵(1�↵)�(� + 1)k�↵�1 > 0. These results indicate

that the numerator is convex and monotonically decreasing, and 8 k 2 [0,1) it thus has a
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single root at

kr =
✓

1
�+ 1

◆
1/(1�↵)

.

For all k 2 (0, kr), N(k) > 0, and for k > kr, N(k) < 0.

With respect to the denominator, D(0) = 0, and limk!1D(k) = 1 so long as ↵ 2

(0, 1), which is true by assumption. In addition, one can show that limk!0

+ D0(k) =

�1, limk!1D0(k) = � + 1, and that 8k > 0, D00(k) > 0. These results tell us that,

8k > 0, the denominator has a single root at ka, which is defined implicitly by

�+ 1 =
1

k1�↵
a

+
��

k↵
a

. (5)

For all k 2 (0, ka), D(k) < 0, and for k > ka, D(k) > 0.

To characterize the k̇ = 0 nullcline further, we need to know the relation between kr

and ka. In particular, is it possible for kr to be greater than or equal to ka? To examine this

possibility, let us assume that it is and look for a contradiction. Specifically, let ka =  kr

for some  2 (0, 1]. Substituting into (5), the following must be true:

�+ 1 =
1

( kr)1�↵
+

��

( kr)↵

=
�+ 1
 1�↵

+
��(�+ 1)↵/(1�↵)

 ↵

= (�+ 1)
⇢
 ↵ + ��(�+ 1)(2↵�1)/(1�↵) 1�↵

 

�

A few more manipulations, and the result is

 �  ↵ = �� 1�↵(�+ 1)(2↵�1)/(1�↵),

which cannot be true because ↵ 2 (0, 1) and  2 (0, 1] by assumption. This means the
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left-hand side of the equality must be non-positive, while the right-hand side must be

positive because all parameters are positive. This is our contradiction, and it means that

our initial assumption was wrong. Consequently, 0 < kr < ka. To review, we know that

N(0) = � > 0 and D(0) = 0. We know that 8k 2 (0, kr), N(k) > 0, D(k) < 0, and

thus the nullcline is below the k-axis in (k, L) space. We also know that N(kr) = 0 and

D(kr) < 0. In addition, 8k 2 (kr, ka), N(k) < 0, D(k) < 0, and so the nullcline is above

the k-axis. Lastly, when k > ka, the numerator is negative and the denominator positive,

and the nullcline is once again below the k-axis. In short, the non-trivial k̇ = 0 nullcline is

only in R
+

⇥ R
++

when kr < k < ka.

The final question with respect to this nullcline is whether it is monotonic over the

interval k 2 (kr, ka). By taking the derivative of (4) with respect to k, one can show that,

as long as the derivative is defined (i.e. k 6= ka), the derivative is positive when the following

holds,
↵�{(� + 1)k1�↵ � 1}2

k1�↵
+

(1� ↵)��2

k↵
> 0. (6)

Because all parameters are positive and ↵ < 1, this expression must be true, and so the

nullcline specified by (4) is monotonically increasing over the relevant interval, k 2 (kr, ka).

Setting L̇ = 0, the relevant nullcline is defined by L = �/(� � k↵). This nullcline

intersects the L-axis at (0, 1), and 8k < �1/↵ it increases monotonically toward a vertical

asymptote at k = �1/↵ > 0. For k > �1/↵, the nullcline is not in R
+

⇥ R
++

.

2.3 Steady states

Model (3) has two steady states in R
+

⇥R
++

. The first is (k̂, L̂) = (0, 1). The phase plane

from the main paper shows that this steady state is not stable. The other steady state of

interest is (k̂, L̂) = (1,�/(��1)), which is only in the relevant part of phase space if � > 1.

When this is true, the steady state is a stable node. Specifically, the trace of the Jacobian
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of (3) evaluated at the steady state is

tr (J(1,�/(� � 1))) =
��(1� ↵)� ↵�� �(� � 1)

�
< 0,

while the determinant is

det (J(1,�(� � 1))) =
�(� � 1)(1� ↵)

�
> 0.

2.4 E↵ects of ↵ on �

Taking the derivative of � with respect to ↵, we have

@�

@↵
=

✓
�

s

◆↵/(1�↵)

m�1A�1/(1�↵)(1� ↵)�2

⇢
ln

✓
�

s

◆
� lnA

�
.

Because all parameters are positive and ↵ < 1 by assumption, this derivative is positive

when A < �/s and negative when �/s < A.

2.5 The carrying capacity as a concave function of economic production

Let the carrying capacity be C
0

+ bm(AK↵
DL1�↵

D )⌘, where b has units [resources/time]1�⌘

and ⌘ 2 (0, 1). With this assumption the carrying capacity is a strictly concave func-

tion of AK↵
DL1�↵

D . With the additional non-dimensional parameter combination, � =

�A1�⌘k̄↵(1�⌘)L̄1�⌘/b, the system is

k̇ = k↵ � (� + 1)k +
��kL

� + k↵⌘L⌘
(7)

L̇ = �L

✓
1� �L

� + k↵⌘L⌘

◆
.
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Figures 1–S4 show simulations of this system for two values of ⌘ and four values of �.

Variation in neither ⌘ nor � a↵ects the final value of k. The transitional dynamics, however,

vary dramatically, and as a consequence the final value of L is quite labile. Increasing ⌘

and decreasing � (e.g. increasing b) both protract transitional dynamics by increasing the

tendency for economic production to alleviate implicit resource dependence in the consumer

population. The e↵ect is striking because logistic growth behaves much like exponential

growth at low population densities. Alleviating implicit resource dependence extends this

quasi-exponential stage, and the explosiveness of exponential growth ensures the resulting

variation is the final population size is substantial.

3 A modified predator-prey model with prey-producing preda-

tors

3.1 Deriving the model in k and L

Much of consumer-resource theory in ecology assumes that the direct e↵ects of the predator

on the prey are only negative. Because labor is a fundamental productive input in human

economies, this assumption is not appropriate for our purposes. Consider an important

biological resource in a given society like wheat in many agrarian societies or cows in many

pastoralist societies. Humans have both a predatory and productive e↵ect on the resource.

People both eat and raise cows. To address this complication, I assume consumption and

production are mutually exclusive activities with respect to time allocation. Although one

could make alternative assumptions, this one will allow us to modify classic consumer-

resource models from ecology in a straightforward and transparent fashion.

Posit a small interval of time per consumer, �tc, which a given consumer can allocate

in only four mutually exclusive ways. A given consumer can spend time (1) acquiring the
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biological resource, ta, (2) processing and handling the resource, th, (3) dealing with costly

and potentially competitive social interactions involving conspecifics, ts, or (4) contributing

to the production of the resource, tp. By definition, �tc ⌘ ta + th + ts + tp. Let �tc = v�t,

where v specifies the time available per consumer per unit time for these four activities.1

Assume the resources acquired per consumer during �tc satisfy Ka = ataKD, where a is

the proportion of the resource stock acquired per unit of time spent acquiring resources.2

Posit a constant expected handling time per resource, h, which thus yields an average

handling time per consumer of th = hKa = ahtaKD.

Further assume the consumers encountered per consumer during �tc satisfy Le =

btaLD, where b is the consumers encountered per consumer per unit of time spent acquiring

resources. The fact that the consumers encountered varies positively with time spent

acquiring resources reflects the idea that consumers compete for resources. The more time

a consumer spends acquiring resources, the more time the consumer must spend with costly

political interactions precipitated by resource competition with other consumers. Although

other assumptions are certainly possible, this one should be relevant in many cases, and it

has a long history in theoretical ecology. Under a constant expected interaction time, w, per

consumer encountered, ts = wLe = bwtaLD. After substituting into �tc = ta + th + ts + tp

and dividing both sides by �tc, time allocation per consumer satisfies the following:

�tc
�tc

=
ta(1 + ahKD + bwLD)

�tc
+

tp
�tc

. (8)

Define the fraction on the far right as � = tp/�tc 2 [0, 1] and the remaining fraction as

1� �.
1To my knowledge, v is always taken to be 1 in ecological models and indeed is generally not included

as a separate quantity. Assuming v = 1 simply means time is not rival. Every minute you spend foraging,
I can too. I include it explicitly here to be precise about units at all stages of model derivation.

2I ignore the negative e↵ects of consumers acquiring resources on the resource stock. This approach
means the discrete-time dynamics in model (9) are only approximate. The approximation, however, is
increasingly accurate as �t gets smaller, and as �t! 0 the approximation becomes exact.
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To incorporate time allocation into a consumer-resource model, assume the dynamics

are approximate as follows,

KD(t + �t) ⇡ KD(t) + {B(KD(t), LD(t))�D(KD(t), LD(t))}KD(t)�t

� c(KD(t), LD(t))LD(t)�t (9)

LD(t + �t) ⇡ LD(t) + qc(KD(t), LD(t))LD(t)�t� dLD(t)�t.

The functions B(·) and D(·) are respectively birth and death rates per unit of resource

per unit of time, c(·) represents resources consumed per consumer per unit of time, q is

a parameter that converts consumed resources in new consumers, and d is an exogenous

death rate for consumers. Further assume the resource birth and death rates have a linear

form,

B(KD(t), LD(t)) = b
0

� b
1

KD(t) + b
2

(�)LD(t) (10)

D(KD(t), LD(t)) = d
0

+ d
1

KD(t)� d
2

(�)LD(t).

In this formulation, B(·), D(·), b
0

, and d
0

have units [resource]·[resource]�1·[time]�1. Cor-

respondingly, b
1

and d
1

represent changes in B(·) and D(·) quantities per unit of resource,

which mean the units are [resource]�1·[time]�1. Analogously, b
2

(�) and d
2

(�) have units

[consumer]�1·[time]�1. All parameters are positive. If we remove predation by consumers

from consideration for the moment, (10) means the net recruitment of the resource species

satisfies

B(KD(t), LD(t))�D(KD(t), LD(t)) = b
0

� d
0

� (b
1

+ d
1

)KD(t) (11)

+ {b
2

(�) + d
2

(�)}LD(t).
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Expressions (10) and (11) mean that, because of implicit resource competition for resources

among individuals of the resource species, the prey birth rate decreases and the death rate

increases linearly in KD. Furthermore, because of productive activities on the part of

the consumer species, the prey birth rate increases and the death rate decreases linearly

in LD. These latter rates of increase and decrease depend, in some currently unspecified

way, on how consumer-producers proportion time between production and consumption as

summarized by �.

To complete model (9), define r = b
0

� d
0

, r/K
max

= b
1

+ d
1

, and rm�/K
max

=

b
2

(�) + d
2

(�). The parameter m has units [resource/consumer]. In addition, c(·) is what

ecologists call the “functional response.” The functional response summarizes the prey

consumed per predator per unit of time and thus by definition must satisfy

c(KD(t), LD(t)) ⇡ Ka/�t = vataKD(t)/�tc (12)

=
va(1� �)KD(t)

1 + ahKD(t) + bwLD(t)
,

where these expressions follow from (8), the definition of �, and the fact that �tc = v�t. By

rearranging (9), making the appropriate substitutions for (11) and c(·), and finally taking

the limit as �t ! 0, the exact dynamics of our predator-prey model with prey-producing

predators result,

K̇D = rKD

✓
K

max

�KD + �mLD

K
max

◆
� va(1� �)KDLD

1 + ahKD + bwLD
(13)

L̇D =
qva(1� �)KDLD

1 + ahKD + bwLD
� dLD.

This model is an economic generalization of the DeAngelis et al. (1975) model discussed

in the main paper. The only modification is that predators divide their time between
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predation and production as summarized by �. At one extreme, if � = 1 the consumers

have only a positive e↵ect on their sole resource, but this abstemious behavior leads to

the exponential decline of the consumer population. In contrast, if � = 0 the consumers

are pure predators, and the model reduces to the classic predator-prey model of DeAngelis

et al. (1975).3

To simplify matters, assume h, w = 0. In other words, people have to devote time

to neither the act of consumption nor interactions with other people related to resource

competition. Consequently, resources consumed per consumer per unit of time increase

linearly with the resource stock, c(KD, LD) = va(1��)KD. This consumption function has

a long history in theoretical ecology stretching all the way back to the early Lotka-Volterra

models. Its primary shortcoming is that it implies an unlimited capacity to consume

among predators, and the e↵ects of this shortcoming are well understood (Kot, 2001;

Roughgarden, 1979; Turchin, 2003). Essentially an unlimited capacity to consume dampens

the oscillatory dynamics many real predator-prey systems exhibit. Insofar as humans are

profligate consumers, the assumption may be correspondingly less serious. Alternatively,

insofar as human economies past and present exhibit sustained oscillations, more complex

functional responses could o↵er one theoretical approach to these oscillations.

As before we can convert our system (still assuming h, w = 0) into a system in kD

and LD and then derive a non-dimensional equivalent. Define the following set of scaling

constants and non-dimensional parameter combinations:

k̄ = K
max

/L̄, L̄ = K
max

/(m�), ⌧ = 1/d

✓ = r⌧, ⇠ = va⌧(1� �)L̄, µ = qva⌧(1� �)K
max

.

3If we assume 1 + ahKD + bwLD ⇡ ahKD + bwLD, we can reformulate the functional response as
va(1 � �)kD/(bw + ahkD), where only resources per consumer, kD, matter. The empirical merits of this
formulation remain a contested issue (Abrams and Ginzburg, 2000; Turchin, 2003).
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The dimensionless model in k and L results,

k̇ = ✓k(1� kL + L) + k � ⇠kL� µk2L (14)

L̇ = µkL2 � L.

3.2 Nullclines

Setting k̇ = 0, the corresponding nullclines satisfy k = 0 and

L =
✓ + 1

⇠ � ✓ + (✓ + µ)k
.

In (k, L) space, this latter nullcline intercepts the L-axis at (0, (✓ + 1)/(⇠ � ✓)). It has

a vertical asymptote at ka = (✓ � ⇠)/(✓ + µ) and a horizontal asymptote at La = 0. If

✓ < ⇠, then ka < 0, and 8 k > ka the nullcline is above the horizontal asymptote (i.e. the

k-axis). Also, 8 k < ka, it is below the horizontal asymptote. If ✓ > ⇠, then ka > 0, and

the nullcline is again 8 k > ka above the horizontal asymptote and 8 k < ka below.

Setting L̇ = 0, the relevant nullcline is L = 1/(µk). This nullcline is a rectangular

hyperbola.

3.3 Steady states

Model (14) has one non-trivial steady state. It is

(k̂, L̂) =
✓

✓ � ⇠

✓(1� µ)
,
✓(1� µ)
µ(✓ � ⇠)

◆
,
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which is only defined and in R
+

⇥R
++

if ✓ � ⇠ and 1� µ are either both positive or both

negative. The trace of the Jacobian of (14) evaluated at this steady state is

tr(J(k̂, L̂)) = �✓/µ.

The determinant is

det(J(k̂, L̂)) = ✓(µ� 1)/µ.

Together these values indicate that the steady state is locally stable if µ > 1.

3.4 Treating r a maximum rate of increase

In his discussion of mutualism models, Kot (2001) presents a formulation that prevents

the rate of increase for a mutualistic species from exceeding the maximum rate of increase.

Generalizing his approach for our modified predator-prey model, let

B(KD(t), LD(t)) = b
0

� b
1

KD(t)
1 + f(�)LD(t)

(15)

D(KD(t), LD(t)) = d
0

+ d
1

KD(t).

Under this formulation, b
1

has units [time]�1 and 1+f(�)LD(t) has units [resource]. Again

letting f(�) = m� and r = b
0

� d
0

, net recruitment into the resource population is

B(KD(t), LD(t))�D(KD(t), LD(t)) = r � b
1

KD(t)
1 + m�LD(t)

� d
1

KD(t). (16)
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By substituting into (9), letting h, w = 0 as before, and deriving a model in k and L, the

result follows,

k̇ =
✓

✓ � ⇡kL

1 + L
� kL

◆
k + k � ⇠kL� µk2L (17)

L̇ = µkL2 � L,

where ⇡ = b
1

/d
1

, k̄ = 1/(⌧d
1

L̄), and L̄ = 1/(m�) (where the 1 has units [resource]). Other

non-dimensional parameters are the same as those defined for the linear formulation.

The k̇ = 0 nullclines are k = 0 and

k(L) =
(1 + L)(✓ + 1� ⇠L)

L{⇡ + (1 + L)(1 + µ)} . (18)

This function, 8L � 0, is monotonically decreasing. It has a root at L = (✓ + 1)/⇠,

and limL!0+

k(L) = 1. In (k, L) space, the nullcline intersects the vertical L-axis at

(0, (✓+1)/⇠) and declines monotonically toward the k-axis as as k gets bigger. The relevant

L̇ = 0 nullcline is defined by k = 1/(µL).

The system has zero, one, or two steady states in R
+

⇥R
++

. If (µ(✓ + ⇠)� 1)2 < 4⇠µ⇡,

the system has no steady states in the relevant part of phase space, and the dynamics have

the qualitative properties shown in Figure 5. If 4⇠µ⇡ < (µ(✓ + ⇠) � 1)2, two additional

steady states are

(k̂, L̂) =

 
1

µL̂
,
µ(✓ � ⇠)� 1± {(µ(✓ + ⇠)� 1)2 � 4⇠µ⇡}1/2

2⇠µ

!
. (19)

When µ(✓�⇠) < 1 and µ✓ < ⇡+1, both of these steady states are in R2

��, and the dynamics

in R
+

⇥ R
++

again have the qualitative properties shown in Figure 5. If ⇡ + 1 < µ✓, one

non-trivial steady state is in R2

�� and the other in R2

++

. In this case, dynamics exhibit the
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qualitative behavior shown in the phase plane of Figure 6.

Lastly, when 1 < µ(✓� ⇠) and µ✓ < ⇡ + 1, both steady states are in R2

++

. In this case,

the following steady state is unstable,

(k̂, L̂) =

 
1

µL̂
,
µ(✓ � ⇠)� 1� {(µ(✓ + ⇠)� 1)2 � 4⇠µ⇡}1/2

2⇠µ

!
. (20)

The remaining steady state,

(k̂, L̂) =

 
1

µL̂
,
µ(✓ � ⇠)� 1 + {(µ(✓ + ⇠)� 1)2 � 4⇠µ⇡}1/2

2⇠µ

!
, (21)

is a focus. I have not derived local stability conditions for the focus, and I do not show a

phase plane because in the specific numerical cases I have examined the nullclines are su�-

ciently close together to make the resulting figure unhelpful. Regardless, this brief analysis

shows that, in contrast to model (14), model (17) cannot produce a human population

that grows endogenously forever under any conditions. It does, however, seem to support

variation in the long-term values of the state variables that is similar to the modified Solow

model in which the carrying capacity is a concave function of income (7). Figures 7�S9

show three simulations involving either one steady state in R2

++

(i.e. Figure 7) or two

steady states (Figures 8 and S9). Here we are not considering a case involving a human

population declining to extinction, and the figures show limited variation in the long-term

values of k but large variation in the long-term values of L.
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Figure 1: A simulation of model (7). Parameter values are ↵ = 1/3, � = 1, and ⌘ = 1/4.
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Figure 2: A simulation of model (7). Parameter values are ↵ = 1/3, � = 1, and ⌘ = 1/4.

19



1

1

k
1

0 70

1

time

γ = 0.01

γ = 0.1

γ = 1

γ = 10

Figure 3: A simulation of model (7). Parameter values are ↵ = 1/3, � = 1, and ⌘ = 3/4.
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Figure 4: A simulation of model (7). Parameter values are ↵ = 1/3, � = 1, and ⌘ = 3/4.
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Figure 5: The phase plane for model (17) when it has no steady states in R
+

⇥ R
++

.
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Figure 6: The phase plane for model (17) when it has one steady state in R
+

⇥ R
++

.
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Figure 7: A simulation of model (17) when it has one steady state in R
+

⇥R
++

. Parameter
values are ✓ = 1.1, ⇡ = 0.05, ⇠ = 0.11, and µ = 1.
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Figure 8: A simulation of model (17) when it has two steady states in R
+

⇥R
++

. Parameter
values are ✓ = 2, ⇡ = 1.05, ⇠ = 0.01, and µ = 1.
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Figure 9: A simulation of model (17) when it has two steady states in R
+

⇥R
++

. Parameter
values are ✓ = 2, ⇡ = 1.05, ⇠ = 0.1, and µ = 1.
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